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Unsteady mass transfer between two rigid spheres in tandem and a surrounding fluid flow with
reversible second-order chemical reaction on the surface of the spheres has been analysed. The spheres
have the same diameter and initial concentration. The dispersed phase reactant and product are insol-
uble in the continuous phase. The continuous phase reactant and product are insoluble in the dispersed
phase. Axisymmetric, slow, viscous flow (Stokes flow) around the spheres was considered. The mass
balance equations were solved numerically in spherical/bispherical coordinates systems by a finite
difference nonlinear multigrid method. For moderate Pe number, Pe ¼ 100, modified Hatta modulus,
Ha2 ¼ 10, 100, 1000, and different values of the diffusion coefficients, the computations focused on the
influence of the spheres spacing on the mass transfer rates.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

Carrier-extraction [1] is a versatile technology with a wide range
of commercial applications. It is utilized in the processing of metals
and nuclear fuels (hydrometallurgy), pharmaceuticals and agri-
cultural chemicals. It is also an important operation in industrial
wastewater treatment, food processing and the recovery of
biomolecules from fermentation broth. An overview of the carrier-
extraction applications in industry, life and environmental sciences
can be viewed in [1–5].

Carrier-extraction uses ion exchangers for separating the
desired components. Because most ion exchangers are practically
insoluble in the aqueous phase, the chemical reaction between the
ion exchanger and the extracted component is assumed to take
place on the interface. In almost all cases of practical interest, the
chemical reaction is second-order, reversible.

Mass transfer from/to a single drop with chemical reaction on
the surface of the drop was analysed theoretically (to our knowl-
edge) only in [6,7] (a model based on film theory can be viewed in
[8]). In real life applications, carrier-extraction is performed in
liquid–liquid dispersions. The single sphere data cannot predict
accurately the mass transfer rate in liquid–liquid dispersions for all
situations. In this case, a first interest problem is the interaction
between spheres which are moving in close proximity. A first step
in the investigation of this interaction is the analysis of carrier-
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extraction from two spheres placed in a uniform viscous flow
parallel to their line of centers (in tandem).

The analysis of carrier-extraction from two rigid spheres in
tandem is the subject of this work. To our knowledge, this problem
was not investigated until now. The forced convection heat/mass
transfer around two/three spheres in tandem was analysed theo-
retically in [9–15]/[16–18]. In these studies the chemical reaction is
not present. The hydrodynamic regime considered in this work is
creeping flow. Moderate values of the Pe numbers, Pe ¼ 100, were
assumed. Three values of Ha2 were considered, Ha2 ¼ 10, 100, 1000.
The main problems investigated are: (1) the influence of the
distance between the spheres on the mass transfer rates; (2)
the influence of the interaction on the chemical composition on the
surface of the spheres; (3) the influence of the diffusivity ratio on
the mass transfer rates.
2. Basis equations and method of solution

Consider the steady, axisymmetric, creeping flow of a New-
tonian incompressible fluid past two rigid spheres of equal diam-
eter d, parallel to their line of centers. Oscillations and rotation of
the spheres do not occur during the movement. The spheres have
the same initial concentration. On the surface of the spheres, the
second order, reversible chemical reaction

Aþ B4C þ E; r ¼ k½mAmB � ð1=KeÞmCmE�

takes place. The reactant A and the product E are soluble only
within the surrounding fluid (continuous phase). The reactant B
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Nomenclature

A dimensionless concentration of reactant present only
in the surrounding fluid (continuous phase), mA/mAN

B dimensionless concentration of reactant soluble only
inside the spheres (dispersed phase), mB/mB0

c characteristic length, bispherical coordinate system (m)
c dimensionless characteristic length, bispherical

coordinate system, 2c/d
C dimensionless concentration of product soluble only

inside the spheres (dispersed phase), mC/mB0

d sphere diameter (m)
Di Fickean self-diffusion coefficient of the species i, i ¼ A,

B, C, E (m2 s�1)
Dref reference self-diffusion coefficient (m2 s�1)
E dimensionless concentration of product soluble only in

the surrounding fluid (continuous phase) mE/mAN

Ha modified Hatta modulus, Ha2 ¼ kd2mB0/4Dref,
dimensionless

k forward chemical reaction rate constant (m3 kg�1 s�1)
(transformed for bulk concentrations)

Ke chemical equilibrium constant, dimensionless
L distance from the center of the sphere to the origin of

the bispherical coordinate system (m)
mi mass concentration of species i, i ¼ A, B, C, E (kg m�3)

(bulk values)
Pe Peclet number, Pe ¼ UNd/Dref, dimensionless
q dimensionless group, q ¼ mAN/mB0

r reaction rate (kg m�3 s�1) (transformed for bulk
concentrations)

r* dimensionless radial coordinate, 2R/d, in spherical
coordinate system

R radial coordinate, spherical coordinate system (m)
Ri diffusivity ratio, Di/Dref, i ¼ A, B, C, E, dimensionless
Re Reynolds number based on the spheres diameter,

Re ¼ UNd/n, dimensionless
Sc Schmidt number, Sc ¼ n/Dref, dimensionless
t time (s)
UN free stream velocity (m s�1)

Greek letters
d dimensionless distance from the center of the sphere

to the origin of the bispherical coordinate system,
d ¼ 2 L/d

h coordinate in bispherical coordinate system
x coordinate in bispherical coordinate system (rad)
n kinematic viscosity (m2 s�1)
q polar angle in spherical coordinate system (rad)
s dimensionless time or Fourier number, s ¼ 4tDref/d

2

j dimensionless stream function

Subscripts
A refers to reactant A
B refers to reactant B
C refers to product C
E refers to product E
s refers to the surface of the spheres
0 initial conditions
1 upstream (leading) sphere
2 downstream (trailing) sphere
N large distance from the spheres

G. Juncu / International Journal of Thermal Sciences 49 (2010) 714–720 715
and the product C are soluble only within the spheres (dispersed
phase). Due to the complexity of the problem, the following
supplementary assumptions are considered:

(i) during the mass transfer, the volume and the shape of the
spheres remain constant (this implicitly means that the
diameter of the spheres remains constant);

(ii) the physical properties are constant;
(iii) no phase change occurs;
(iv) the system is isothermal;
(v) the only diffusion mechanism is the Fick diffusion mechanism;

cross-diffusion effects are neglected;
(vi) the effects of free and Marangoni convections are negligible.

The ion exchangers used frequently in carrier-extraction are
tensioactive substances. From this reason, the assumption of
spheres with rigid surfaces can be considered quite acceptable.

For mass transfer inside the spheres we used the axisymmetric
spherical coordinate system (R, q). For mass transfer in the
surrounding fluid, it is convenient to use the bispherical coordinate
system (x, h), [19–21]. The axisymmetric bispherical coordinate
system (x, h) maps the physical domain occupied by the
surrounding fluid into the rectangle h1 � h � h2, 0 � x � p (h1 < 0,
h2 > 0). The surfaces of the spheres are located at h ¼ h1 and h ¼ h2.
The relations between h1, h2, the diameters of the spheres, d1, d2,
and the distances, L1, L2, of their centers from the origin of the
coordinates system are:

di

2
¼ c

sinhjhij
; Li ¼ c cothjhij; i ¼ 1;2
where c > 0 is a characteristic length. Obviously, if d1 ¼ d2 ¼ d, it
results h1 ¼ �h2 and L1 ¼ L2 ¼ L.

Under these assumptions, the dimensionless mathematical
model equations (the radius of the spheres is considered the length
scale, the free stream velocity UN the velocity scale and the diffusion
time d2/(4Dref) the time scale), expressed in dimensionless spherical
coordinate system (r*, q) (for the mass transfer inside the spheres)
and in bispherical coordinate system (for mass transfer in the
surrounding fluid), are:

- inside the spheres

vZi

vs
¼ RZDZi; i ¼ 1;2; Z ¼ B;C (1)
- in the surrounding fluid (Z ¼ A, E)

vZ
vs
þ Pe

2
G3

sinx

�
vj

vh

vZ
vx
� vj

vx

vZ
vh

�
¼ RZ

"
G2

 
v2Z
vh2 þ

v2Z

vx2

!

� Gsinhh

c
vZ
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þ Gðcoshhcosx� 1Þ

csinx
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#
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where

D ¼ 1
r*2

v

vr*

�
r*2 v

vr*

�
þ 1

r*2sinq

v

vq

�
sinq

v

vq

�
; G ¼ coshh� cosx

c

and j is the dimensionless stream function.
A reference diffusion coefficient, Dref, was used to define the

dimensionless time, s, and the Peclet number, Pe. The reference
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diffusion coefficient can be the diffusion coefficients of any of the
species A, B, C and E.

The boundary conditions to be satisfied are:

- spheres center (r* ¼ 0)

Bi;Ci ¼ finite; i ¼ 1;2 (3a)
- free stream (h ¼ x ¼ 0)

A ¼ 1; E ¼ 0 (3b)
- symmetry axis (q ¼ 0, p) and (x ¼ 0 and h s 0, x ¼ p)

vA
vx
¼ vE

vx
¼ vBi

vq
¼ vCi

vq
¼ 0; i ¼ 1;2 (3c)

- interface (r* ¼ 1) (h ¼ h1, h ¼ h2)

RA
coshhi�cosx

c
vA
vh

����
h¼hi

¼ Ha2
�

ABi�
1
Ke

CiE
�
; i ¼ 1;2 (4a)

RB
vBi

vr*
¼ �Ha2q

�
ABi �

1
Ke

CiE
�
; i ¼ 1;2 (4b)

RC
vCi

vr*
¼ Ha2q

�
ABi �

1
Ke

CiE
�
; i ¼ 1;2 (4c)

RE
coshhi � cosx

c
vE
vh

����
h¼hi

¼ �Ha2
�

ABi �
1
Ke

CiE
�
; i ¼ 1;2

(4d)

The dimensionless initial conditions are:

s ¼ 0; E ¼ 0; A ¼ 1; Bi ¼ 1; Ci ¼ 0; i ¼ 1;2 (5a)

The quantities of interest used to characterize the unsteady
mass transfer are: (1) spheres and surface of the spheres dimen-
sionless concentrations and (2) local and overall instantaneous
Sherwood numbers.

The dimensionless spheres average concentrations of the
species B and C are computed with the relations:

Zi ¼
3
2

Zp

0

Z1

0

Zir
*2sinqdr*dq; Z ¼ B;C; i ¼ 1;2 (5b)

The dimensionless average surface concentrations are computed
with the relations:

Zi;s ¼
1
2

Zp

0

Zijr*¼1sinqdq; Z ¼ B;C; i ¼ 1;2 (6a)

and

Zi;s ¼
sinhhi

2

Zp

0

Zijh¼hi

sinx

coshhi � cosx
dx; Z ¼ A; E; i ¼ 1;2

(6b)
Considering the diameter of the sphere as characteristic length and
the instantaneous dimensionless concentration difference,
ðZi � Zi;sÞ, Z ¼ B, C, i ¼ 1, 2, as driving force, ShZ,i(q) and ShZ,i, were
calculated by the relations:

ShZ;iðqÞ ¼ �
2

Zi � Zi;s

vZi

vr*

����
r*¼1

; Z ¼ B;C; i ¼ 1;2 (7a)

ShZ;i ¼
1
2

Zp

0

ShZ;iðqÞsinqdq; Z ¼ B;C; i ¼ 1;2 (7b)

Considering the diameter of the sphere as characteristic length and
the instantaneous dimensionless concentration difference,
ðZN � Zi;sÞ, Z ¼ A, E, i ¼ 1, 2 as driving force, ShZ,i(x) and ShZ,i, were
calculated by the relations:

ShZ;iðxÞ ¼ �
2

ZN�Zi;s

vZi

vh

����
h¼hi

coshhi�cosx

c
; Z ¼ A;E; i ¼ 1;2

(8a)

ShZ;i ¼ �
1

ZN � Zi;s

sinhhi

c

Zp

0

vZ
vh

����
h¼hi

sinx

coshhi � cosx
dx;

Z ¼ A; E; i ¼ 1;2 (8b)

The values of the dimensionless stream function were calculated
numerically in [22]. The mass balance equations were solved
numerically. Inside the spheres the central finite difference scheme
was used to discretize the spatial derivatives. The spatial deriva-
tives of equation (2) were approximated by the exponentially fitted
finite difference scheme [23]. Numerical experiments were made
with the spatial discretization steps, Dr* ¼ Dh ¼ 1/128, 1/256, 1/512
and Dq ¼ Dx ¼ p/128, p/256 and p/512. For the time discretization
the backward, second order accurate scheme, coupled with a fully
implicit treatment of the spatial derivatives was used.

The numerical method used to solve the discrete parabolic
equations is the parabolic nonlinear multigrid (MG) algorithm [24]
already presented in [7]. We considered that it is not necessary to
repeat its description here. It must be mentioned that, for the
parameters values used in this work, the results obtained on a mesh
with 129 � 129 points in each phase can be considered mesh
independent.
3. Results

The dimensionless equations (1) and (2) and the boundary and
initial conditions (3)–(5) depend on eight dimensionless parame-
ters: Ha2, Ke, d ¼ 2L/d, Pe, q and three diffusivity ratios.

The value considered for Pe is Pe ¼ 100. For usual liquids, the
Schmidt number, Sc, is around 102� 103. For Sc w O (102� 103) and
creeping flow (i.e. Re < 1), the product ReSc ¼ Pe is Pe < 1000. The
values considered for the modified Hatta modulus, Ha2, are
Ha2 ¼ 10, 100 and 1000. The arguments for this selection were
discussed in [7]. The parameter q takes the values 1, 5 and 10. The
chemical equilibrium constant Ke was considered equal to 1, 10, 100
and N (irreversible chemical reaction). The values considered for
the diffusivity ratios RZ are in the range 0.5–2.0 (inside and outside
the spheres the diffusion mechanism obeys Stokes–Einstein or
Eyring theories).

Before presenting and discussing the results obtained in this
work, it should be mentioned that: (a) for Stokes flow around two
equal-sized spheres in tandem, the stream function is symmetric
about an axis perpendicular in h ¼ 0 to the spheres centreline;
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Fig. 1. Time evolution of the sphere average dimensionless concentration of species B
and average Sh numbers for different spheres spacing and Ha2 ¼ 100; (a) Bi; (b) ShB,i.
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(b) the spheres have identical values for the drag coefficients,
surface pressure, vorticity and so on; (c) the present results are not
affected by the hydrodynamic tandem interaction phenomena that
occur in Navier–Stokes flow.

The main aim of any work dedicated to heat/mass transfer
around two (at least) bodies submerged into a flowing fluid is to
find the rules of interaction. In all the previous articles dedicated to
the heat/mass transfer from two spheres in tandem, [9–15], the
surrounding fluid controls the transfer. The tandem interaction is
described by the following rules (valid especially for spheres with
constant concentration/temperature):

- the values of the Sh number for both spheres are smaller than
the value of the Sh number for the isolated sphere; the inter-
action effects are stronger for the downstream sphere;

- the increase in spheres spacing decreases the interaction
effects.

The target of the present process is the extraction of species B
from the spheres. Chemical species that are soluble only in the
ambient fluid are involved in this process. Thus, one of the first
questions that arise is: can we use the previously mentioned rules
to describe the present process?

The first numerical simulations were made considering the
diffusivity ratios equal to one, RZ ¼ 1, for Z ¼ A, B, C, E, q ¼ 1 and
Ke ¼ 1. For these parameters values, the influence of the spheres
spacing on the mass transfer is presented in Figs. 1–3. We selected
for graphical presentation only Bi; Ei;s, ShB,i and ShE,i. It must be
mentioned that, for the parameters values mentioned previously,
ShC,i h ShB,i, Ci ¼ 1� Bi, Ci;s ¼ 1� Bi;s, ShE,i h ShA,i and
Ei;s ¼ 1� Ai;s. Figs. 1 and 2 show the results obtained for Ha2¼ 100.
In Fig. 3 the data obtained for Ha2 ¼ 10 are presented. The results
obtained for Ha2 ¼ 1000 are similar to those depicted in Figs. 1
and 2. For this reason we did not present these data. The discon-
tinuity in the time variation of trailing sphere Sh numbers is due to
the occurrence of negative values. Also, it must be mentioned that
for Ha2¼10, negative values of the downstream sphere Sh numbers
were observed for d > 11 (d ¼ 21, for example).

Fig. 2 shows that it is very difficult to establish any connection
between the present results for species E and the data presented in
[9–15]. In reference [15] the connection between the time varia-
tions of the concentration of the transferring species and Sh
numbers is very clear. For the present process, for example, Fig. 2b
shows that the influence of d on ShE,1 is negligible while Fig. 2a
shows that the influence of d on E1;s is not negligible.

The present Sh number is not a direct measure of the intensity of
the process. It is the ratio of two instantaneous average quantities:
dimensionless concentration gradient on the surface of the sphere
and dimensionless driving force (dimensionless concentration
difference: average drop � average surface or average
surface � free stream). It is widely used because it has a nonzero
asymptotic limit; this asymptotic value is reached when the
dimensionless driving force and the dimensionless concentration
gradient on the surface of the sphere obey the same exponential
decrease in time. In physical processes the surface concentration is
usually considered constant or it is the result of a mass balance
equation. In these cases it is not difficult to establish a direct
connection between the asymptotic Sh value and the mass transfer
rate. For the present process, the surface concentration is the
resultant of the action of two phenomena: mass transfer (in both
phases) and chemical reaction. The time variation of the surface
concentration does not obey, in this case, simple, elementary rules.
Situations like different asymptotic Sh values for approximately
equal surface mass fluxes but different driving forces or approxi-
mately equal asymptotic Sh values for different surface mass fluxes
and different driving forces, may occur. Under these conditions, for
the present process, the mass transfer rates should be analysed in
terms of the time variation of the average concentrations.

Concerning the influence of d on the time variation of the
dimensionless concentration of the chemical species B, Figs. 1 and 3
show that:

- the increase in d increases the mass transfer rate inside the
spheres;

- for very small values of d, i.e. d ¼ 1.10, the mass transfer rate
inside the spheres is practically equal;

- for d > 1.10, the mass transfer inside the spheres is different;
the mass transfer rate is higher inside the leading sphere;

- for d � 5, the influence of the spheres spacing on the mass
transfer rate inside the spheres is not significant;

- the rules mentioned previously do not change for Ha2 varying
in the range 10–103.

The previous statements describe globally the interaction. The
elementary steps (stages) of the process are:

- for very short times, in the diffusion regime, the interaction
effects are not present; the mass transfer rates for both spheres
are the same;

- the first interaction effects were observed for species A; when
the chemical reaction starts, reactant A on the surface of the
spheres is consumed; due to the geometry of the system and
the flow direction, the surface of the trailing sphere is supplied
with a larger amount of A than the surface of the leading
sphere; the chemical reaction rate and implicitly the mass
transfer rate on the surface of the trailing sphere are higher
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than on the surface of the leading sphere; this phenomenon
does not take long times, it cannot be observed very well in
Figs. 1–3 but it exists;

- the chemical species E generates the strongest interaction
effects; the interaction effects depend on the surface and bulk E
values (of course we refer to values during interaction); for
very small values of spheres spacing the surface E values are
greater than the bulk values; the spheres blocked each-other;
the mass transfer rate decreases but is practically the same
inside both spheres; the increase in d decreases the values of
E2,s when interaction starts; if the bulk values are comparable
with the E2,s values, the chemical reaction rate on the surface of
the downstream sphere drastically slows down and, in some
situations, it reverses its sense; negative values of the Sh
numbers occur in this case.

The next step of the present work is the analysis of the influence
of the initial concentration ratio q and the chemical equilibrium
constant, Ke, on the mass transfer rates. For the present process, the
influence of q and Ke on the mass transfer rates follows the same
rules as in [7]. The increase in q and Ke increases the mass transfer
rates. Also, the variation in q and Ke does not change the interaction
rules previously presented. For this reason we considered that
a detailed presentation and discussion of these results in this work is
not justified. From the numerical experiments made we selected for
presentation the data plotted in Figs. 4 and 5. In Figs. 4 and 5 the
curves symbolized by Ha2 ¼ 0 show the results obtained for mass
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transfer without chemical reaction (i.e. the boundary conditions on
the surface of the spheres are, Ei,s¼ 1, Ai,s¼ 0, Bi,s¼ 0, Ci,s¼ 1, i¼ 1, 2).

In Stokes–Einstein or Eyring theories, the diffusion coefficient of
a solute into a solvent depends on its molar volume. In almost all
cases of practical interest in carrier-extraction, the product C has
a molar volume smaller than that of reactant B and the product E has
a molar volume greater than that of reactant A. Based on these data,
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Fig. 6. The influence of the diffusivities ratios on the time evolution of the sphere
average dimensionless concentration of species B for d ¼ 1.1.
we considered DC ¼ 2DB and DE ¼ 0.5DA. The diffusion coefficient of
the reactant B was considered the reference diffusion coefficient.
Thus, the only problem that remains is the selection of the values for
RA. From the possible combinations that can be made, we selected
for presentation the following cases: (1) DA ¼ DB 0 RA ¼ 1; (2)
DA ¼ 2DB 0 RA ¼ 2; (3) DA ¼ 0.5DB 0 RA ¼ 0.5. To emphasize the
effect of the diffusivities ratios on the mass transfer rates inside the
spheres, the results obtained for RZ ¼ 1, Z ¼ A, B, C, E, will be also
presented.

The presence of the chemical species C and E on the interface is
not desired because they decrease the rate of chemical reaction and
implicitly the mass transfer rate. They are removed from the surface
of the spheres by diffusion. The increase/decrease in the diffusion
coefficients of the products increases/decreases the rate of chem-
ical reaction and implicitly the mass transfer rates. Figs. 6–8 show
that: (a) for RE¼ 1, and RA¼ RC¼ 1, or RA¼ RC¼ 2, the mass transfer
rates inside the spheres are practically equal; (b) the decrease in RE

decreases significantly the mass transfer rates inside the spheres
even for q ¼ 10. We may state that for the mass transfer rate inside
the spheres the diffusivity of the product soluble only in the
surrounding fluid is a key parameter. Also, we observed that the
interaction rules derived previously for equal diffusivities remain
valid.
10-2 10-1 100
10-3

10-2

10-1

100

Ha
2 = 100

Pe = 100
Ke = 1
q = 10

B
i

RA = RC = RE = 1, i = 1
             i = 2

RA = 1, RC = 2, RE = 0.5, i = 1
                   i = 2

RA = 0.5, RC = 2, RE = 0.25, i = 1
                     i = 2

RA = 2, RC = 2, RE = 1, i = 1
                 i = 2

Fig. 8. The influence of the diffusivities ratios on the time evolution of the sphere
average dimensionless concentration of species B for d ¼ 5.
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4. Conclusions

This work investigated numerically the carrier-extraction from
two spheres in tandem. The spheres have the same diameter, initial
composition and physical properties. Stokes flow around the
spheres was assumed. The influence of spheres spacing on the mass
transfer inside the spheres was investigated for moderate values of
the Pe number and Ha modulus.

The present numerical results show that: (1) the increase in
spheres spacing increases the mass transfer rate inside the spheres;
(2) for very small values of spheres spacing the mass transfer rate
inside the spheres is practically the same; (3) the increase in the
spheres spacing increases the difference between the mass transfer
rate inside the spheres; the mass transfer rate inside the upstream
sphere is greater than inside the downstream sphere; (4) for d � 5,
the influence of the spheres spacing on the mass transfer rate inside
the spheres becomes less significant; (5) the increase in the initial
concentration ratio and the chemical equilibrium constant
increases the mass transfer rates inside the spheres; (6) the diffu-
sion coefficient of the product soluble only in the surrounding fluid
has a strong influence on the mass transfer rates inside the spheres.
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